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ADVERTISEMENT. 



^nr^ H E Author of the following fmall Tra<ft is not 
**" aihamed to confefs, that it has been the employ- 
ment of his leifure hours for a confiderable time. If he 
has failed in the execution, he can, however, fafely affirn> 
he has not been wanting in the moll earneft endeavours 
towards the completion of his purpofe. He confidered 
that the obje6l of his fearch and enquiry, although arduous, 
was at the fame time glorious, and that the Difcovery of 
Truth is always a fufEcient recompence for the difficulty 
attending its Inveftigation. As he cannot, by the moft 
impartial fcrutiny, detedl any falfe Reafoning in his De- 
monftrations, he flatters himfelf they will npt he found; 
altogether deftitute of fupport, nor wholly unworthy the: 

appro- 
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approbation of the Public. However, fenfible of his 
own weaknefs, he would not too confidently prefume 
on fuccefs, lince in this cafe to desire is not fufficient 

TO OBTAIN. 

In fhort, animated by a lincere Love of Truth, he 
ilatters himfelf the integrity of his Intentions will in fome 
jmeafure atone for his want of greater genius and abilities. 

Indeed, as 'an elegant Writer obferves, fince Medio- 
icrity is now become a Protedtion, he has probably ob- 
tained THAT PROTECTION in fpite of himfelf. He only 
;adds (with the fame Author) and would wifli the Reader 
•to remember, that while Error finks into the abyfs of 

s 

ibrgetfulnefs, Truth alone fwlms over the vaft extent 
.of ages. 
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LEMMA. 

SS^^'S ^ ^^^^""^ ^^ '"^"y ^^^^^^ Quantities, X, Y, Z, the former 
^% ' o4 ^^ which X, is greater than either of the other two, 
j^^^mA"^ Y, Z, then it Cannot be £aid Z Is greater than T^ by 
the excefs of X above Y ; but if it is at all greater, it muft be 
by fome Quantity lefs than the excefs of X above Yw 

For if It is denied, Zfhall be equal to X, which is abfurd. 

Proposition L Fh. i. 

o 

If from the fame Centre s^ any two Arches //?, ay, are defcribed 
as in the Figure, and with the Radius s a^ of the greatjfl: a -^^ 

B - the 
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the Arch t z is drawn touching the Arch R /, in the Point /,. 
then the Arch R /, (hall not be greater than the Arch / ^ 

From the Point 2, draw the Line z ^ parallel to the Line sai:: 
then, as is well known, the Arch p a fhall be equal to the Arch 
z t. Suppofe the Arch ^^ to be divided by a continual Bife£l:ioa 
into an infinite number of equal Parts, at the poiiits 0^ Oy o^ Sec. 
and let ^ reprefent one of fuch parts : From draw the right 
line 0^ parallel to a j, and with a radius equal to as defcribe 
the arch \ e?, and from the centre j, the arch a s. Now let (M) 
reprefent the infinitely fmall quantity ^0^ then if the arch a s ex- 
ceed the Arch ^ Oy by the quantity M, it fhall be equal (from the 
Lemnu) to the Arch^^* which is abfurd. The fame confe-- 
quences will evidently follow, if a Quantity lefs than ^0 is affign— 
cd, and fo the Arch \s is not greater than the Arch a^*- 

Again, Suppofe the Arch a 0, to exceed the Arch m\ by the 
like Quantity (M), then if the Arch m % exceed m a, by (M), it 
ihall be equal to the Arch a 0. But the Arch a j, is not greater 
than A from the Demonftration, and fa in this cafe is not greater 
tJian the Arch m x, which is evidently abfurd. In like manner- 
proceeding infinitely, we fhall at laft prove, that the Arch / R is- 
not greater than the Arch t%. Q^ e. d. 

-F/g•^ !• 
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C J J 

Figi u hfn\x& he cacfifuUy obferve4 that thu method of Rea* 
(piling wili opt take place, if the Angle ^iir is aifumed greater 
than a right Angle, (fuppofe the Angle a s Q). For fince it is 
always required to the Demonftration that an infinitely fmall Part 
of the Arch a G muft be taken, an4 a Line drawn parallel to s a^ 
If from th^ Point F, which ternupates the Quadrant a^ F, an in-^ 
finitely fijipU Arch F o \^ taken, aod a Line drawn parallel to ^ /, 
the Line fo drawn (hall l?e a Tangent to the Arch FG^ and fq fall 
without the Curve,-- — ^In like mannjer, any Line drawn from A 
Point below F, parallel to a J, IKall fall without the Curve towards 
G; and therefore in this cafe the preceding Demonftration can* 
fiot take place. 

COROLLARY 1. 

Fig. I. N& II. It ma^ not, p^rKapsj be unneceflary to obierve, 
that after the £une manner as in this Proportion, it is eafy to- prove 
that in die Q(ua4raat ^ J^, if any fight line fO Is drawn parallel 
to X ^f then any other right Line p f ihall not be greater than ^ o. 

C o R. tL 
Fig. u No. III. If Concentric and Tangent Arches are de- 
fcribed as in the Figure terminated by the Quadrantal Arch^x, 

C then 
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then from this Propofition, (if we fappofe the concentric Arche* 
from s towards n continually increafe) any Concentric Arch xy 
"iflball not be greater than it's Tangent Arch ^i* 

Co ft. III. 
.Hence, (the fame Things remaining as in Cor# II.) if wfl is de^ 
icribed exceeding a^ by (M), and if mx^wj, then all the con- 
centric Arches above a o Ihall equal their correfpondent Tangent 
Arches, defcribed with the Radius Xf* as per Scheme* 

jFornfuppojfe x$ to exceed m$hy (M), then if m^s^ma, tht 
Arch xy Ihall be greater than mo. and not greater than ^^ (Pr« !•) 
Therefore ;^y ^naot be lefs than ;^|^ and fo muft be equal to it^ 

it were eafy to infer a Variety of other Conclufions from this 
Propofition, but as they will naturally prefcnt themfelves to the 
Reader's obfertation, without much enquiry, they are omitted in 
this plae«# 

Propo* 
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Proposition II. Fig. z* 

— . ]f* from the Center ,, with die Radius < «, the Arch « a i&de^ 
J, fcribed, and from the Centers </» c, /, the refpeftive Tangent- 
Arches, »^, ««,»/, &c TheQ the Arch » v fliall be lefs than 

' . " ' 

the Arch » a?. 

For from Pkop. I. » x is not greater thaa « «, and frortv the fame 
Prop^^ */4 is not greater thaa moi %^M. therefore lel3 thau. x^x. 
But ft A is likcwife, not greater thaa*^; it is therefore either equal 
XQ, otUis than I ^^ in each of which cafes it fhall be lefs thail n, si* 
Therefore I conclude, univerfally, that any concentric Arch ^ ^ is 
lels than it^s Tangent Arch itfe> terminated by the fame right Lin*; 

Cob. Iv 

Hence we have an eafy method of ^roxiqiating continualljr 

Hearer and nearer to an. Equality betweea two Arches^ n^, and « x^ 

I>raw the fight line /f ^lX^ interfodliog the Arch %p in s,\ . then 

becaufe iifi is klsfchan ft5, and ^x lefs than vfe, jt x fliall be lefs thao 

>i; throygh the Point Oy Prtf^ ihe right Line f aw, iliea nO 
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fhall be lefs than ,t» : But ^ ^ has been proved to be lefs than ^^ o^ 
and tc K lefs than ^ ftf therefore ic k fhall be lefs than ,t fi, and fo on 
infinitely* 

. * * ^ • • • . , . . 

, Colts IL. 
Hence likewlie^ we may eafily approximate to an Equality be* 
twcen a right Line, and any circular Arch. For it is well known, 
that any Arch * a is lefs than its Tangent jt ^ ; the Arch x fx there- 
fore is lefs than x ^« But from this Prop. n,\ is lefs than k yi^ and 
cotifequentry lefs than the right Line x *• Through the Point d 
drtw the right Line Cow<, as per Scheme, then x ^ is lefs thzta n w^ 
4nd fb X A is lefs than « w. In like manner x x Is lefs than x 't^ ; 
and {o we may proceed Infinitely, the Arch x k approaching nearer 
and neater to an Equality with forhe part of the Line x f 9 in pro- 
portion as the Diflances * tf, x ff* k A ^c. increafe, that is, in pro- 
portion as the Angle of Contaft ^ x a i« diminifhed. But it is to 
be obferved, that thefe Approximations infinitely continued will 
never make one Tangent Arch equal to another, or to a Part of a 
Tangent right Line x For if a Tangent Line « a be drawn to the 
Arch X Af and from the Center a an Arch a-< is de&ribed, iris 
fufficiently evident, that -a Line drawn from the Center f^ of this 
Arch X f^ fiiaU touch the Arch a; in a, and a Line drawn &om the 

Center 
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Center of tbe Arch ^ ft to the Point ^^ ihall likewife be a Tangent 
|(> the Arch ^ j. But the Arch x.^ is ftill lefs than the Arch x^^ ag 
may be inferred from Prop, I. and fo by this Method alone We 
can i^ver come nearer to afi Equality between the Arch x ;,, and 
any fuperior Tangent Arch> or Tangent right Line, than the ^ 
Arch^ or Tangent Line terxninated by the Arch a j^ 

LEMMA. 
■ Fig. III. 

JF the Arch ^ ^ is fuppofed eqwal to the Tangent Arch ^p, and 
to the Tangent right Line p ^, then '» Circle may be defcribed 
through the Points a, /, ^ , concave towards the Line ^ /s at right 
Angles to the Line p ^ ; and if concentric Arches are defcribed from 
the Point ^, (the Center of the Arch ^ a) as far as to the Point z, 
which terminates the Quadrant * «, they (hall continually exceed 
«ach other. 

The iirft Part of the L^tama is fufficlently evident from Calcu- 
lation, and may be eafily proved to extend itfelf to any two Tangent 
Arches and a Tangent right Line ; and the fecond Part is likewife 

I^ » evident 
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cvideflt from this, that the fame Arch of a Circle has every where 
the fame Curvature, and confequently, fuppofing the Tangent Arch 
f^pj equal J:o.j5 a> to be draw^n infinitely near ^a, then a concentric 
Arch defcribed from ^lj and paffing through f^ (hall be evicjpntly 
greater than p a> and fo if beyond the Point/, we fuppofe an Arch 
p t taken, equal to the infinitely fmall Arch/ a» the Inclination or 
Curvature of the Arch t p (hall be the fame with that of the Arch 
p X ; and therefore I conclude the concentric Arch pafling through 
/, (hall be lefs than the concentric Arch pa(fing through /, £^r. 

Proposition III. Fig^ o,. N^^L 

Things remaining as in the Lemma, all the Tangent Arches 
defcribed beyond the Arch /j/, and terminated by the Arch a ?>, (hall 
be refpedively equal to each other, and to the Tangent lAvtt g ^, 

♦ From the Points, which determines the Quadrant rK, fup- 
pofe an Arch to be defcribed concentric to the Arch ^ a, and with 
the (lime Radius let a Tangent Arch ^ «, from the Point p be de- 
fcribed, 

* It is neccffary to obferve, that if the Arch > ^ is greater than a Quadrant, k 
fliall be greater by an Arch lefs than One Half of the Arch xc, as is evident 5 and 
therefore it will univerfally follow that the Arch ^ x fliall not be greater than a Tan- 
gent Arch drawn infinitely near ^/, which 1% all that is rt quifite to the Dcmonftration,. 
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icribed, then (from Prop. L and preceding Lemma) p x is not 
greater than p f^ and after the fame Manner it may be fliewn ^x Is 
not greater than any Tangent Arch falling within p'x, p %. It is 
therefore either equal to or lefs than the Arch p o^ Let then ^ ^ be 
lefs than /5 o^ and make p«=3x, then through the three Point$ 
A, «, ^, (from preceding Lemma :) Let a Circle x, n, ^, be defcribed, 
this (hall fall within the Arch x ^, and confequently (hall make ^ /, 
lefs than fip. But if the Arch ^» =:^a> then from the Principles 
already eftablifhed, ^ a A^^H not be greater than p ^, which is mani- 
feftly abfurd. Every Tangent Arch therefore^ within the Arch 
p ft is equal to the Arch ^ a> and after the fame Manner we prove 
every Tangent Arch beyond the Arch ^ «, is equal to the Arch ^ ^, 
or the Tangent Line ^ ^. For fuppole an Arch ^ v, defcribed in* 
finitely near the Arch ^ «, then fi e (hall not be greater than fi v, and 
if it is fuppo(ed lefs, the fame Abfurdity will enfue, as we have 
noted in the former Part of this Propolition ; and fo we may pro* 
ceed infinitely. All the Tangent Arches therefore beyond the 
Arch ^ A, terminated by the Arch ^ ?? are equal to each other, and 
to the right Line, fi ^. q^ e. d. 

COROLLARY. 

Hence if any three Tangent Arches (each not exceeding a Qua- 
drant) are affumed equal to each other, a Circle defcribed through 

thepi 
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themi fliall cut off a Part of the comi;Qon tangent right Vine equal 
to each, and to any Tangent Arch that can be pofljbly drawn ; 
for if this is denied, one Circle ihaUxmt another in three ,Point% 
which is abfurd* 

l^ig. III. No. 2. 

Another Method of demonftrating the preceding Proposition.— 
X-et a Part a d of the Arch ;^ ^^ be affumed infinitely finall, and 
let a Line be drawn from a to ,p, the Center of the Arch x w* 
Then becaufe every Point of the Line ^ m beyond m falls without 
the Arch « ntj the right Line tp a fhall interfeft the Arch m « in 
one Point only, viz. in the Point o. Through the Point o defcribe 
an Arch touching the Line ^^ t in j^, then the Arch x ^ ^^^ ^^^ 
he greater than the Arch ^ ^ (^he Arch ^ ^ betng lefs than the 
Arch X ^9 as is eafily inferred frona Pro?. I.) for if it is greater by 
an infinitely fmall Quantity, it Ihall be equal to the Arch ^ ^9 
which is manifeftly abfurd. In like manner we may proceed with 
the reft, and demonftrate that every inferior tangent Arch is not 
greater than it's fuperior terminated by the fame Arch m €, till at 
length the Arch ^ ^ ^s proved not greater than feme Tangent 
Arch drawn infinitely near it; fuppofe the Arch x '1 ^^ the Arch 
X n is lefs than X /, and if it were poffible that by proceding in 

this 
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this manner, the hifinitcly fmall Part of fome Arch falling with- 
out the Arch ^ /w, fliould never be in the right Line ^m- x^ an infi-^- 
nitely fmall Part ( fuppofe m n) muft at length renraxn,. or by 
continuing the Procefs, a Part flill lefs than that^ and fa on, ad 
Vtfinitum. xnij therefore, is not greater thaii;^f, and;^/ i$ not 
greater by the above Method than x di therefore X t and x nts ar^ 
ex^ual, and £> of the reft» 

The Two preceding Methods of Demonflratbn mi^ht have bcem 
omitted on Account of the fuperior Accuracy and EUegance of thcf 
following ; however as they fcrvc to iUuftrate the Method of Rea- 
ibning adopted in this Work, they are on that account retained/ 

Fig. III. No. !• 

If the Arch g ^ is foppofed equal to the Arch /i i, equal to the 
i;ight Line ^ ^, then any other Arch fi j, faliiog within ? ^, ^t A^sll 
be equal to the right Line ^ ^. 

Let a Line be drawn from the Point o^ moeting the Arch ^ s 
produced in a^ and fuppofe the Arch x ^ to be divided by a con- 
tinual Bifc^ion into an infinite Number of equal Parts, and let a i 
beone of thofc Parts ; from the Point A, let the Line^ ^. be drawn, 

^ thif 
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this Ihall intcffeft the Arch xp in fome Point / : Thro\igh the Point 
i let the tangent Arch n / be defcribed, then the Arch /j a (hall not 
be greater than the Arch $ t\ for if it is greater by a Qjiantity equal 
to the Arch //, it (hall be eqpal to the Arch ^y.r that is (becaufe 
^ ^ ia infinitely fmall^ and iy is lefs than a h<^ as is eaiy to in&r 
frpOQi Pro?. I,) if it is greater by a Quaatity lefs than one infinitely^ 
fmall, an Abfurdity (hall enfue j in like taamijer tb^ Arch /5 / is^ 
proved not greater than P /, by fuppofing b d^ in the Arch s a^ equgl 
to a b^ and fo we may proceed infinitely, tilt at length the Arch 
^ IS demonflrrated not greater than the Areh p s. h\ like Manner 
the Arch ^ j is not greater than ^ t, and fo mull be equal to it 
and to the right Line /s ^^ q^ £• p« 

• >^H 'l i i<»#l>ipl M K ill l »<<i|>»»Mli| » t»i ' »» yM <ti | i»ti»i»ti'i<^<^< M H <i » <i< HM 41^ 

Proposition IV. Fig, ^ 

'Tp O Cut any given Angle s^R, not exceeding a right Anglie^ 
in any given Ratio^ 

1^ itlrtnreqiurodittrbf 4iviik4i in: A© Ratio^- the tinfr f % tot 
tbe line «i x» I>Brcrib«: fedqL thci Cootec f» t]»e An:he& ^o, sR^ 

an^ 
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and bife£t the Line ^ ^, in the Point a, and fcom the fame Cefttet 
9%. defcribe the Arcfe \ k a* At the Pomt a, with a Radius equal ta 
^-^ defcribe the Tangent A-ch as in the Figure, and at the fame 
Point with a Radius double to ^ ^ another Tangent Arch, then { 
of the Tangent Arch a k fliall be equal to i of the Scteond, and I of 
the Third, as is evident. . Through the Points of Equality, delcribe. 
a: Circle ; this ihall make i of the Auch Q^ equal to fofiie Part of 
the Tangent Arch defcribcd with the Radius f j, and fo a Part of 
the Arch x R may be taken equal to the Arch ^ ^, which was 
required to be Qtme^ 

COROLLARY. 

Hence, by a double Operation, any obtufe Angle may be cut in a 
given Ratio ; and hence^ by the Way, it is eafy to find a right Line 
equal to a given circular Arch. 

$ G B a E I ir M. 

Tp HE Quadratix and Spiral, it is well known, Havfe been fever** 

ally applied, by very able Mathenaaticians, to a Solution of 

the above Propofition ; however, not with fufficient Succefs to ftop 

all future Attempts ; the Cooibudion of each depending on the 

continual 
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cotitiiiAial Bifeftion *f an Arch, which although very (iraple irt 
Theory, yet when continued beyond a certain Degree of Minute- 
ncfs is obnoxious to the greateft Errors in Pradice ; not to men- 
tion that after all, the Rectification of the Circle cannot be geome- 
trically obtained by thefe Inventions, and that in tha Opinion of 
the beft Judges they are mechanical Curves, Perhaps when th# 
Errors afifing from fuch a Conftruftion are fairly eftimated^ thf 
preceding Method will appear no contemptible Subftitute for this 
Purpofe ; (ince if the Principles on which it is founded are oncf 
admitted, the Solution will be natural and eaiy, and at the famf 
tim€ confi(kcwt with the greateft Rigor of Mathematical Demoa* 
ftration. 

It likeWife feems probable, that the Re6iification of other Curref 
may be obtained by a (imilar Method of Reafoning, as the Lemm^ 
at the beginning of this Trad extends itfelf to all kind of Quan- 
tities whatever: — ^But a Critical Examination of this' Point would 
not only exceed t^e Limit's, but likeWife ^e foreign from tb« 
•rigioal Deiign of this Wqrk. 



TH^ END. 
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